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We investigate the contribution from each Dirac modes to the Polyakov loop based on a gauge-
invariant analytical relation connecting the Polyakov loop and the Dirac modes on a temporally
odd-number lattice, where the temporal lattice size is odd, with the normal (nontwisted) periodic
boundary condition. The dumping factor in the relation plays crucial role for the negligible con-
tribution of low-lying Dirac modes to the Polyakov loop. The zero-value of the Polyakov loop in
the confinement phase is due to the “positive/negative symmetry” of the Dirac-mode contribution
to the Polyakov loop. In the deconfinement phase, there is no such symmetry.
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1. Introduction
Color confinement and chiral symmetry breaking have been investigated as interesting non-
perturbative phenomena in low-energy QCD in many analytical and numerical studies. However,
their properties are not sufficiently understood directly from QCD. The Polyakov loop is an order
parameter for quark confinement [1]. At the quenched level, the Polyakov loop is the exact order
parameter for quark confinement, and its expectation value is zero in confinement phase and is
nonzero in deconfinement phase. Also, its fluctuation is recently found to be important in the QCD
phase transition [2]. As for the chiral symmetry, low-lying Dirac modes are essential for chiral
symmetry breaking in QCD, according to the Banks-Casher relation [3].
Not only the properties of confinement and chiral symmetry breaking in QCD but also their
relation is an interesting challenging subject [4, 5]. From many analytical and numerical studies,
it is suggested that confinement and chiral symmetry breaking are strongly correlated [6, 7]. How-
ever, we showed analytically and numerically that low-lying Dirac modes have little contribution to
the Polyakov loop and that there is no one-to-one correspondence between confinement and chiral
symmetry breaking in QCD [8, 9, 10].
In this study, we discuss the relation between confinement and chiral symmetry breaking based
on an analytical relation between the Polyakov loop and Dirac modes on temporally odd-number
lattice, with the normal (nontwisted) periodic boundary condition [9, 10]. We investigate each
Dirac-mode contribution to the Polyakov loop in both confinement and deconfinement phases.
2. Dirac modes in lattice QCD
In this section, we review the Dirac operator, its eigenvalues and its eigenmodes (Dirac modes)
in SU(Nc) lattice QCD [8]. We use a standard square lattice with spacing a, and the notation of
sites s = (s1,s2,s3,s4) (sµ = 1,2, · · · ,Nµ), and link-variables Uµ(s) = eiagAµ (s) with gauge fields
Aµ(s) ∈ su(Nc) and gauge coupling g. In lattice QCD, the Dirac operator 6D = γµDµ is given by
6Ds,s′ =
1
2a
4
∑
µ=1
γµ
[
Uµ(s)δs+µˆ ,s′ −U−µ(s)δs−µˆ ,s′
]
, (2.1)
with U−µ(s)≡U†µ(s− µˆ). Here, µˆ is the unit vector in direction µ in the lattice unit. In this paper,
we define all the γ-matrices to be hermite as γ†µ = γµ . Since the Dirac operator is anti-hermite in
this definition of γµ , the Dirac eigenvalue equation is expressed as
6D|n〉= iλn|n〉 (2.2)
with the Dirac eigenvalue iλn (λn ∈ R) and the Dirac eigenstate |n〉.
3. An analytical relation between the Polyakov loop and Dirac modes on temporally
odd-number lattice
We consider a temporally odd-number lattice, where the temporal lattice size N4 is odd, with
the normal (nontwisted) periodic boundary condition in both temporal and spatial directions. The
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spatial lattice size N1∼3(> N4) is taken to be even. Using Elitzur’s theorem, we derive a relation
connecting the Polyakov loop and the Dirac modes [9, 10],
〈LP〉=
(2ai)N4−1
12V ∑n λ
N4−1
n 〈n| ˆU4|n〉, (3.1)
where the link-variable operator ˆU±µ is defined by the matrix element
〈s| ˆU±µ |s′〉=U±µ(s)δs±µˆ ,s′ . (3.2)
In this derivation, we use the fact that any gauge-invariant quantity cannot be composed by the
product of odd-number N4 link-variables [9, 10], except for the Polyakov loop. This is a Dirac
spectral representation of the Polyakov loop, and is valid on the temporally odd-number lattice.
Using this relation (3.1), we can investigate each Dirac-mode contribution to the Polyakov loop
individually and discuss the relation between confinement and chiral symmetry breaking in QCD.
4. Modified KS formalism for temporally odd-number lattice
The Dirac operator 6D has a large dimension of (4×Nc ×V )2, so that the numerical cost for
solving the Dirac eigenvalue equation is quite huge. This numerical cost can be partially reduced
using the Kogut-Susskind (KS) formalism [1, 8, 11]. However, the original KS formalism can be
applied only to the “even lattice” where all the lattice sizes Nµ are even number. In this section, we
show brief introduction of the modified KS formalism [10] applicable to the odd-number lattice.
We consider the temporally odd-number lattice, and introduce a matrix
M(s)≡ γs11 γ
s2
2 γ
s3
3 γ
s1+s2+s3
4 . (4.1)
Using the matrix M(s) and taking the Dirac representation, we can spin-diagonalize the Dirac
operator 6D in the case of the temporally odd-number lattice,
∑
µ
M†(s)γµ DµM(s+ µˆ) = diag(ηµDµ ,ηµDµ ,−ηµDµ ,−ηµDµ), (4.2)
where ηµDµ is the KS Dirac operator given by
(ηµDµ)ss′ =
1
2a
4
∑
µ=1
ηµ(s)
[
Uµ(s)δs+µˆ ,s′ −U−µ(s)δs−µˆ ,s′
]
. (4.3)
Here, ηµ(s) is the staggered phase: η1(s) ≡ 1, ηµ(s) ≡ (−1)s1+···+sµ−1 (µ ≥ 2). Thus, all the
eigenvalues iλn can be obtained by solving the reduced Dirac eigenvalue equation,
ηµDµ |n) = iλn|n). (4.4)
5. Numerical analysis for each Dirac-mode contribution to the Polyakov loop
Using the modified KS formalism, Eq.(3.1) is rewritten as
〈LP〉=
(2ai)N4−1
3V ∑n λ
N4−1
n (n| ˆU4|n). (5.1)
3
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Note that the (modified) KS formalism is an exact method for diagonalizing the Dirac operator and
is not an approximation, so that Eqs.(3.1) and (5.1) are completely equivalent.
We numerically calculate each Dirac-mode contribution to the Polyakov loop, i.e., the matrix
elements (n| ˆU4|n) and λ N4−1n (n| ˆU4|n) in the sum of the relation (5.1). We perform SU(3) lattice
QCD Monte Carlo simulations with the standard plaquette action at the quenched level in both
cases of confinement and deconfinement phases. For the confinement phase, we use 103×5 lattice
with β ≡ 2Nc/g2 = 5.6 (i.e., a ≃ 0.25 fm), corresponding to T ≡ 1/(N4a) ≃ 160 MeV. For the
deconfinement phase, we use 103 × 3 lattice with β = 5.7 (i.e., a ≃ 0.20 fm), corresponding to
T ≡ 1/(N4a) ≃ 330 MeV. For each phase, we use 20 gauge configurations, which are taken every
500 sweeps after the thermalization of 5,000 sweeps.
As the numerical result, we find that the relation (5.1) is almost exact and low-lying Dirac
modes have little contribution to the Polyakov loop for each gauge configuration in both confine-
ment and deconfinement phases [10]. Thus, we can discuss each Dirac-mode contribution to the
Polyakov loop even for one gauge configuration.
In the confinement phase, we show in Fig.1 each Dirac-mode contribution to the Polyakov
loop λ N4−1n (n| ˆU4|n) as the function of Dirac eigenvalue λn. From Fig. 1, we can confirm that low-
lying Dirac modes have little contribution to the Polyakov loop. All the sum of these quantities
λ N4−1n (n| ˆU4|n) is zero, which leads to the vanishing Polyakov loop in the confinement phase. As a
remarkable fact, the zero value of the Polyakov loop is due to the “positive/negative symmetry” of
real and imaginary parts of λ N4−1n (n| ˆU4|n), as shown in Fig.1.
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Figure 1: Lattice QCD results for each Dirac-mode contribution to the Polyakov loop, λ N4−1n (n| ˆU4|n), as the
function of the Dirac eigenvalue λn in the lattice unit, on 103× 5 with β = 5.6, for one gauge configuration
in the confinement phase. The left figure shows the real part and the right figure the imaginary part.
In the deconfinement phase, we show in Fig.2 the real part of the matrix elements (n| ˆU4|n)
and each Dirac-mode contribution to the Polyakov loop, λ N4−1n (n| ˆU4|n), as the function of Dirac
eigenvalue λn. In this configuration, the expectation value of the Polyakov loop is real, and the
behavior of the imaginary part of these quantities is similar to that in the confinement phase. There
is no “positive/negative symmetry” in the DIrac-mode distribution of Re(n| ˆU4|n), and all the sum of
these quantities λ N4−1n Re(n| ˆU4|n) is nonzero, which gives a nonzero value of the Polyakov loop in
the deconfinement phase. The signs of the contribution from infrared Dirac modes and ultraviolet
Dirac modes are different. Although the matrix elements Re(n| ˆU4|n) have a peak in the small
Dirac-mode region, the contribution from this region to the Polyakov loop is very small, because
of the dumping factor λ N4−1n . Thus, the factor λ N4−1n plays a crucial role in RHS of Eq.(5.1).
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Figure 2: Lattice QCD results for the real part of the matrix element λ N4−1n Re(n| ˆU4|n) and each Dirac-mode
contribution to the Polyakov loop, λ N4−1n Re(n| ˆU4|n), as the function of the Dirac eigenvalue λn in the lattice
unit, on 103× 3 with β = 5.7, for one gauge configuration in the deconfinement phase.
6. Summary and concluding remarks
In this study we have investigated each Dirac-mode contribution to the Polyakov loop based on
the relation connecting the Polyakov loop and the Dirac modes on temporally odd-number lattice,
with the normal (nontwisted) periodic boundary condition. In both confinement and deconfinement
phases, low-lying Dirac modes have little contribution to the Polyakov loop because of the dumping
factor λ N4−1n in RHS of Eq.(5.1). Also, the zero-value of the Polyakov loop in confinement phase
is due to the “positive/negative symmetry” of the Dirac-mode matrix elements (n| ˆU4|n). In the
deconfinement phase, there is no such symmetry.
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